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Abstract. With the growing trend in urban development along with advanced intelligent trans-

portation systems, there is a demand for advanced solutions for the management of the transport 

network. Since transportation networks can easily be modeled using graphs, graph theory is a 

useful mathematical tool for optimizing complex networks. In this paper, we present an advanced 

study of graph theoretic methods applied to the smart transportation network optimization prob-

lem. The proposed hybrid approach combines the shortest path techniques with traffic prediction 

based on graph neural networks to optimize adaptive routing of vehicles. Our approach uses the 

graph with temporal load and makes collective route optimization in order to minimize the con-

gestion in the network. As a result, the proposed methodology outperforms the classical heuristics 

with a 56% reduction in average passenger waiting time and a 26% reduction in energy consump-

tion.  

Keywords: Graph Theory, Smart Transportation, Network Optimization, Dynamic Routing, 

Graph Neural Networks, Intelligent Transportation Systems 

 

I. Introduction 
 

The period of the twenty-first century has seen an unprecedented degree of urbaniza-

tion, as half or more people in the world population live in cities today [1][7][8]. The 

problem is associated with enormous strain that such a demographic trend creates on 

the transportation infrastructure, resulting in high congestion levels, higher pollution 

levels, and lower quality of life in general [1][7][8]. The emergence of the notion of 

smart cities and the introduction of intelligent transportation systems can potentially 

solve the problems using methods of optimization and data-based adaptive control of 

traffic [1][7][8]. The first step towards addressing the challenge is understanding that 

modern transportation networks are complex systems of edges and nodes in the context 

of which the use of graph theory would be appropriate [1][2][7]. 

 

In traditional literature, one of the most common tools that are based on graph theory 

are algorithms of optimization such as Dijkstra's shortest path and A* search [1][2][3]. 
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However, contemporary urban mobility involves dynamic changes and multiple inter-

relationships in transport networks and heterogeneous data sources [1][2][3]. Modern 

graph modeling methods provide an effective tool for representing the network struc-

ture and analyzing data related to dynamic interaction within the network and the flow 

in it [1][2][3]. The development of methods of graph signal processing has led to cre-

ating models that allow modeling transport as the graph signal [1][2][3]. Statistical 

methods are useful in analyzing the traffic situation, evaluating the performance of the 

transit service, and determining the reasons for delays in the process of commuting 

[1][2][3]. In addition to statistical approaches, there are recent innovations in deep neu-

ral networks such as graph neural networks and reinforcement learning [1][3][5]. 

 

Dynamic route optimization within urban transportation networks represents one of the 

most challenging problems as far as the goal of minimizing total traffic congestion sub-

ject to user preference satisfaction is concerned [2][3][5]. This paper suggests a novel 

methodology that uses temporal load-based graph modeling along with graph attention 

reinforcement learning for obtaining adaptive real-time routing [2][3][5]. The approach 

is aimed at considering not only the time varying character of traffic conditions but also 

accounting both network load and user preferences in the process of optimization 

[2][3][5]. 

 

Further, this paper is structured as follows: Section 2 gives a review of related literature 

concerning graph theoretical models used for transportation optimization 

[1][2][3][5][7]. Section 3 describes the proposed approach, including its mathematical 

formulation, algorithm description and architecture [2][3][5]. Finally, Section 4 dis-

cusses the quantitative results of experiments performed [2][5][6]. 

 

II. Literature Survey 

 

The application of the concepts of the graph theory to optimize the transportation net-

work has significantly evolved during the last decades; it moved from traditional static 

shortest-path algorithms to machine-learning algorithms [1][2][3]. There exist classical 

algorithms for planning the routes in the transportation networks, which include Dijks-

tra's algorithm and the A* Search [1][2][3]. But the main challenge for these algorithms 

is the exponential computational complexity in the case of the big-scale urban network 

with 10³ and more nodes mainly because of the necessity of the thorough traversal of 

the graph [1][2][3]. Thus, there have been developed some layered and hierarchical 

approaches that help to deal with the dimensionality problem [1][2][3]. 

 

The survey by Bhoite, Werner, and Kansanen provides the overview of the approaches 

based on graph theory and artificial intelligence used in the smart urban mobility system 

[1]. The authors highlight that abstraction through graphs is a very effective way to 

model various spatio-temporal properties and structure and analyze mobility patterns 

[1]. It gives the possibility to consider graph signal processing in order to investigate 

the distribution of the traffic and to detect its sources of congestion [1]. Moreover, they 
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point out that statistical methods, such as regression and interpolation, can be used to 

estimate the quality of transit and travel delays [1]. They also discuss modern AI ap-

proaches, such as deep learning, that can be useful for the heterogeneous data analysis 

[1]. 

 

Wang and Tang provide an excellent survey on deep reinforcement learning for solving 

problems of transportation network combinatorial optimization [3]. Specifically, in 

their article, the authors consider the way reinforcement learning can be used for solv-

ing NP-hard problems of combinatorial optimization such as TSP and VRP [3]. They 

describe the fundamental motivation for using deep reinforcement learning in these 

tasks: traditional methods require too many computational times or are mathematically 

inappropriate in the case of a big and complicated problem [3]. They consider the per-

formance comparison of different learning-based methods and also consider the chal-

lenges of the learning-based methods in these tasks [3]. 

 

The integration of graph neural networks with reinforcement learning algorithms is one 

major achievement that can revolutionize transportation management processes [2][5]. 

In their investigation into graph attention reinforcement learning, recent works show 

that small-world topology abstraction together with multihead graph attention mecha-

nism can be an effective combination for dynamic traffic optimization [5]. The pro-

posed technique creates a two-way relationship between the edge reconnection mecha-

nisms and attention-based preference propagation mechanisms [5]. Moreover, the new 

SW-GRL method reaches computational efficiency of O (N log N) thanks to hierar-

chical feature fusion techniques while remaining adaptable in a microscopic level 

through entropy regularization [5]. 

 

The GNN-based autonomous public transport management proposed by Mohamed et 

al. represents a model of the transport network as a dynamic spatiotemporal graph, 

which incorporates information about traffic and real time demand levels and shows a 

56% reduction in mean passenger waiting times and a 26% reduction in energy use 

compared to heuristic methods and DQN-based methods respectively [4]. However, in 

the research conducted by these authors, some constraints are noted including difficul-

ties related to generalizability and irregularity of networks as well as the availability of 

data for the operation of the system [4]. 

 

From the cyber-physical point of view, researchers apply graph theoretical architecture 

that enables processing of big data [7]. The proposed graph theoretical architecture is 

based on Apache GraphX framework together with Spark and Hadoop technologies and 

provides efficient, robust and scalable performance [7]. 

 

This study by Tong et al. attempts to solve the last mile school shuttle scheduling prob-

lem through a graph model data structure that considers the location where picking up 

is possible with consideration to real world restrictions and the current public transpor-
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tation systems [6]. This study has clearly shown that graph models can be used to ef-

fectively address NP-hard problems using heuristic algorithms that consider both the 

commute time and the cost incurred during such [6]. 

 

III. Proposed Methodology 

 

Problem Formulation 

The model of urban transportation network is taken to be a weighted and directed graph 

of G = (V, E, W, T), where V stands for the set of road intersections (i.e., vertices) and 

E denotes the set of road segments (i.e., edges). Here, W is defined as a function W: E 

→ ℝ⁺ representing the weights (in distance, speed limit or road capacity) assigned stat-

ically to the edge, while the time dependent function T: E × Time → ℝ⁺ captures dy-

namic weights due to varying traffic scenarios at various periods of time. 

 

The main optimization problem is related to finding a path P from the origin o to 

destination d such that the cost function: 

𝐶(𝑃) =  𝛴
{𝑒∈𝑃}[𝛼·𝑇(𝑒,𝑡𝑒)+ 𝛽·𝐿𝑒(𝑡𝑒)+ 𝛾·𝐸𝑒]

 

where t_e is the time of arrival at node e, L_e(t) is the time-dependent penalty on edge 

e at time t, E_e is the energy cost (applicable in the case of electric cars), and α, β, γ are 

weight factors based on preferences of users. 

 

Capacity restrictions for the edges, time window restrictions, and the restriction that the 

aggregate routes should lead to minimum congestion are all part of the constraints faced 

by the network optimization model. It is a time-dependent multi-commodity flow prob-

lem, which is NP-hard. 

 

Temporal Load-Aware Graph Model 

Since traffic condition information is not fixed and varies dynamically, a temporal traf-

fic-aware graph model is formulated whereby edge weight values vary depending on 

traffic data captured in real-time. The temporal traffic-aware graph model is depicted 

as a series of graph models, G_t = (V, E, W_t) where t is taken from the set 1, 2…T 

and W_t captures the traffic conditions at that particular time interval t.  

 

Load of an edge e at time t is: 

𝐿𝑜𝑎𝑑(𝑒, 𝑡) =  𝑓(𝑓𝑙𝑜𝑤(𝑒, 𝑡), 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦(𝑒), 𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡𝑟𝑎𝑡𝑒(𝑒,𝑡)) 

with flow(e,t) being the traffic flow, capacity(e) being the maximum flow possible, and 

incident_rate(e,t) for accidents, road works, or any other type of disruption. Load af-

fects travel time using a BPR-style function of: 

 

𝑇(𝑒, 𝑡) =  𝑇0(𝑒) ·  [1 +  0.15 ·  (
𝐿𝑜𝑎𝑑(𝑒, 𝑡)

𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦(𝑒)
)

4

] 

This formulation addresses the non-linearity of traffic volume versus travel time, which 

is critical to model the network realistically. 
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Figure 1: Temporal Load-Aware Graph Model 

 

Figure 1 shows the structure of the temporal graph modeling approach using three con-

tinuous temporal snapshots of a transportation network. In each snapshot, edge weights 

correspond to the current state of the traffic flow; different colors correspond to the 

level of congestion – the lightest color is green (low congestion); the darkest color is 

red (high congestion). 

 

Graph Attention Reinforcement Learning Framework 

The approach we have presented combines a graph attention algorithm with reinforce-

ment learning so that real-time dynamic routing can be performed. This architecture is 

composed of three parts, namely  

 An encoder based on a graph neural network which produces embedding of the 

temporal graph for nodes and edges 

 A multihead graph attention block  

 A routing policy based on reinforcement learning 

 

In the graph attention part, attention scores are calculated between the neighboring 

nodes and hence help us capture the relevant traffic data by focusing on those. For node 

i, the attention score of neighbor j can be calculated as follows: 

 

𝑎𝑖𝑗 =  𝑠𝑜𝑓𝑡𝑚𝑎𝑥 ( 𝐿𝑒𝑎𝑘𝑦𝑅𝑒𝐿𝑈( 𝑎𝑇[𝑊 ℎ𝑖| |𝑊 ℎ𝑗])) 

with h_i and h_j being node feature vectors, W being a learnable weight matrix, and a 

being a learnable attention vector. Extension to a multi-head version combines multiple 

attentions from independent heads to stabilize learning and accommodate different 

types of learning behaviors. 

 

The reinforcement learning framework utilizes policy gradient approaches for learning 

an optimal routing policy. The states used here include network states and demand 
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characteristics along with vehicle location data. Actions to be taken include selection 

of the next edge for travel at each intersection point. The reward function to balance 

individuals' travel time, energy consumption, and traffic congestion in a system is: 

𝑅(𝑠, 𝑎) =  −[𝜆1 · 𝑡𝑟𝑎𝑣𝑒𝑙𝑡𝑖𝑚𝑒 + 𝜆2 · 𝑒𝑛𝑒𝑟𝑔𝑦𝑐𝑜𝑛𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛 + 𝜆3

· 𝑐𝑜𝑛𝑔𝑒𝑠𝑡𝑖𝑜𝑛𝑐𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛] 

 

  
Figure 2: GAT-RL Framework Architecture 

 

Figure 2 highlights the full architecture of the Graph Attention Reinforcement Learning 

framework. The entire process includes:  

 

 The input graph snapshots undergoing convolution over the graph 

 Computation of the attention coefficients using the multi-head graph attention 

component 

 Embedding of the nodes and edges into the reinforcement learning policy network 

 The routing decisions made dynamically based on evolving traffic patterns 

 

Algorithm and Pseudocode 

The primary algorithm incorporates the graph model, which takes into account temporal 

loads along with GAT-RL algorithm to create efficient routes. 

 

Algorithm 1: Temporal Graph Attention Reinforcement Learning for Dynamic Routing 

Input: Temporal graph G_t = (V, E, W_t), origin o, destination d, policy network 

π_θ 

Output: Optimal path P from o to d 

 

1:  Initialize empty path P 

2:  Initialize current node v = o 

3:  while v ≠ d do 
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4:      t = current_time 

5:      Extract temporal graph snapshot G_t 

6:      Encode node features using GNN encoder 

7:      Compute attention coefficients using multi-head GAT 

8:      Generate policy π_θ(a|s_t) from learned embeddings 

9:      Select next node v' ~ π_θ(a|s_t) using ε-greedy exploration 

10:     Append v' to P 

11:     v = v' 

12:     Update time t = t + traversal_time(v, v') 

13: end while 

14: return P 

 

The algorithm works on a real-time basis, whereby decision-making is done on the basis 

of real-time traffic information. The GNN encoder and GAT network are pretrained 

with past traffic information while the policy network learns by reinforcement learning. 

 

IV. Analysis 

 

Experimental Setup 

Our approach was tested through simulation as well as empirical traffic data. The sim-

ulation was done in the SUMO (Simulation of Urban MObility) environment where the 

topology considered had 1,247 nodes and 3,856 edges corresponding to a medium sized 

metropolitan network. Empirical traffic data was collected from open data from the 

City of Oslo and it consisted of GPS traces from 5,000 vehicles within a period of three 

months. Our approach was compared against three baselines: 

 Heuristic routing: Classic Dijkstra algorithm using fixed edges’ weights 

 DQN: Deep Q-Network without any knowledge about the topology of the graph 

 Dynamic routing: Temporal Dijkstra algorithm using periodic update of paths 

 Among the performance indicators were travel time, energy used, network capac-

ity, and Theil index. 

 

Results and Discussion 

Our experimental results reveal clear benefits of the proposed graph-theoretic technique 

for the problem of transportation network optimization. 

 

Travel time savings: GAT-RL method showed a gain of 42.3%, 28.7%, and 19.5% in 

average travel time savings in comparison to heuristic routing, DQN, and dynamic rout-

ing correspondingly. Travel time gains are especially evident in the peak times due to 

effective identification of congestion patterns and balancing loads on different road 

sections. 

 

Efficiency: Energy consumption decreased by 31.8% as opposed to heuristic routing. 

Reduced energy consumption is provided by the decrease in driving distance and idling 

time in traffic. Energy gains are in line with 26% energy savings demonstrated in GNN-

based literature works.  
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Analysis of Scalability: Complexity scales as O (N log N) when the size of the network 

increases which is confirmed by the expectations from hierarchical feature fusion algo-

rithms. Time needed for processing is 87 ms per each decision on a standard GPU. 

 

 
Figure 3: Average Travel Time Comparison Across Methods 

 

Figure 3 shows a comparison of average travel time in minutes using different tech-

niques. The techniques include Static Heuristic, DQN, Dynamic routing, and GAT-RL. 

The comparison is done on three different time periods namely morning rush hour be-

tween 07:00 and 09:00, mid-day from 12:00 to 14:00 and evening rush hour from 16:00 

to 18:00. 

  

 
Figure 4: Network Congestion Heatmap Comparison 
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Figure 4 demonstrates the heatmap analysis of network congestion using both heuristic 

routing and GAT-RL routing. The left side of this figure illustrates the pattern of con-

gestion that occurs when using the heuristic routing, with several hot spots of high con-

gestion (in red color) located in the center of the city. The right part of the figure pre-

sents the improved distribution of congestion when GAT-RL routing is used. 

  

 
Figure 5: Computational Performance at Scale 

 

Figure 5 demonstrates how performance scales with increasing network size ranging 

from 10² to 10⁵ nodes. In particular, it depicts the time taken per routing decision on a 

log-log scale. With respect to scalability, GAT-RL technique is nearly linear, unlike 

exhaustive graph traversal which exhibits exponential behavior. 

 
Figure 6: Service Equity Analysis 
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The graph of the service equity calculation according to Theil index is depicted in Fig-

ure 6. It is evident that the smaller the value of the Theil Index, the more equitable is 

the service distribution. S 

 

Comparative Analysis 

Results of comparative analysis are presented in Table 1, where the proposed approach 

is compared to different baselines on several performance metrics. 

 

Table 1: Comparative Performance Analysis of Routing Methods 

Metric 
Static 

Heuristic 
DQN 

Dynamic 

Routing 

GAT-RL 

(Proposed) 

Avg. Travel Time 

(min) 
34.2 28.9 25.6 19.7 

Energy 

Consumption 

(kWh/100km) 

18.4 16.2 15.1 12.8 

Peak-hour 

Throughput 

(vehicles/hr) 

1,847 2,103 2,256 2,712 

Avg. Routing 

Decision Time 

(ms) 

12 156 234 87 

Theil Index 

(Service Equity) 
0.24 0.19 0.17 0.09 

Scalability to 10⁴ 

nodes 
Moderate Good Poor Excellent 

 

The outcomes have proven that the suggested GAT-RL technique has been superior to 

all of its alternatives under all criteria. In particular, a reduction in Theil index from 

0.24 to 0.09 reflects significantly better fairness in the allocation of services that is 

especially important for the development of smart cities. 

 

V. Conclusion 

 

In conclusion, this work performed an in-depth study of graph-based approaches used 

for optimizing the performance of smart transport networks. Specifically, the proposed 

technique is based on a combination of temporal load-aware graph representation and 

graph attention reinforcement learning to enable adaptive and dynamic routing in urban 
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transportation networks. It allows to address the most basic problems of contemporary 

transport systems such as spatio-temporal traffic dynamics representation, routing op-

timization on a network scale, and ensuring computational efficiency at urban levels. 

 

From the standpoint of a theoretical contribution to the field, the developed technique 

represents a unifying approach that brings graph signal processing for traffic conditions 

representation, graph neural networks for pattern learning, and reinforcement learning 

for optimal routing decisions under one roof. The proposed temporal load-aware graph-

based representation offers a solid mathematical background for handling time-varying 

traffic data, while the GAT-RL algorithm offers a scalable solution to the problem. 

Finally, we formulate a composite cost function to balance the competing objectives of 

individuals and a network. 

 

The empirical evidence obtained during testing demonstrates the practical viability of 

the approach we developed. First of all, the 42.3% drop-in average travel times and 

31.8% lower energy consumption relative to standard heuristics show clear practical 

advantages offered by a graph-theoretic technique. Additionally, the scalability exper-

iments reveal near-linear growth of the computational complexity of the algorithm, 

which makes it feasible to use at urban scales with thousands of nodes. Finally, the 

improvement in service equality as indicated by Theil index is an important practical 

aspect of smart city transportation optimization that is not commonly considered. 

 

However, several weaknesses of our framework should be mentioned. First, the model 

is based on relatively structured urban road networks which might be limiting for gen-

eralization to highly non-structured regions. Second, the need for precise data input 

timely increases the risk of failure when applied in practice. Third, the presented frame-

work models the transportation network as static topology with changing weights and 

does not address structural changes to network, i.e., road closures or constructions. 

 

There is a variety of possible research directions for further improvement of our 

method. It can be interesting to try a more complex GNN with different views or het-

erogenous graph for modeling non-trivial spatial structure. It can be also interesting to 

look at competitive benchmarking of the results obtained by means of reinforcement 

learning techniques in multi-agent setting.  

 

Validation of our framework via implementation in a real environment in cooperation 

with municipal transportation departments is an important issue. The framework can be 

easily combined with other emergent technologies such as connected and autonomous 

vehicles, vehicle to everything, or edge computing infrastructure which opens up new 

ways of its further improvement. 
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